This paper provides a new approach in modelling dependent defaults within a top-down approach. First, a general framework to map the default of a set of obligors is developed by using a marked Poisson Process. Then, a characterization of the default intensity for a set of obligors is derived, which allows to incorporate elements of structural models into the intensity modelling framework. As a result the approach combines the advantages of reduced-form and structural approaches in modelling dependent defaults.
Introduction
Reduced-form models introduced by Lando (1998) and Duffie/Singleton (1999) have become a popular tool for pricing defaultable securities, especially for credit derivatives. These models are adapted to some economic state variables so that they can cover correlation of credit spreads and rating downgrades to the business cycle. However, conditioning on the state variables defaults become independent events within standard doubly stochastic models. As a consequence, they produce default correlations that are too small compared to empirical observations 1 . In particular, through their inherent structure, these approaches are unable to explain clusters in the default behavior of firms. To overcome this problem, Jarrow/Yu (2001) allow the intensity to depend on the state of other firms in the economy. Specifically, for some firm i they assume a piecewise constant intensity process with a jump at default times of other firms j. 2 The resulting approach captures default contagion by construction but losses manageability with an increasing number of firms.
Instead of modelling causal relationships between firms directly, in the most recent approaches put forward by Collin-Dufrese/Goldstein/Helwege (2003) and Schönbucher (2004) , the market dynamically learns from defaults. Building on unobserved frailty variables, new information is revealed through defaults and the market updates its prior distribution.
In this paper we propose a new approach to modelling default dependencies in the context of reduced-form models. Our approach is distinguished by focusing on portfolios instead of starting with a description of a default process for each firm individually. By allowing two or more firms to default simultaneously the model captures more realistic levels of default dependencies compared to standard doubly stochastic approaches. A key feature is that the default intensity of a set of firms can be characterized through an economy-wide intensity process and random-thinning using structural firm information. Therefore, both, economy-wide default risk and correlations between firm's asset values induce default dependencies. This is consistent with the idea of markets learning from defaults as well as direct causal relationships between firms. As a result, we 1 See e.g. Hull/White (2001) and Das/Duffie/Kapadia/Saita (2005). 2 In Schönbucher/Schubert (2002) jumps at default times are captured through a prespecified copula.
obtain a flexible tool for modelling default dependencies that combines the mathematical attractiveness of reduced-form models and the economic appeal of structural models.
Our starting point in Section 2 is an economy-wide marked doubly stochastic point process with the intensity for the default of at least one firm within the economy. Following a top-down approach we next characterize the default intensity of sets and individual firms in Section 3. At this stage structural firm information and relations between firm's asset values are incorporated.
In Section 4 we analyze default dependencies induced by the model and compare them to the ones produced by basic multi-entity structural and reducedform approaches. In Section 5, we derive valuation expressions for defaultable claims. Section 6 concludes the paper with same final remarks and gives an outlook.
2 A default mechanism covering default dependencies
Economic framework
Consider an economy that consists of n firms, whose default status is represented by the vector-valued counting process N = (N (1) , . . . , N (n) ) with
. The random variable τ , we focus on sets of firms instead of single companies. Defaults of firms that are directly caused by the default of another firm are interpreted as one common event. Therefore it is useful to transform the counting process into an equivalent one based 3 Credit events by the ISDA are: bankruptcy, obligation acceleration, obligation default, failure to pay, repudation, and restructuring. 4 At this point neither the type of process driving N nor a dependence structure among the intensities λ (i) The uncertainty in this economy is described by the filtered probability space
(Ω, F, (F t ) 0≤t≤T , P), where Ω represents the set of all possible states, F = F T is the σ-algebra on Ω, and P is the actual probability measure on F.
Assuming arbitrage free markets, an equivalent martingale measure Q exists.
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Our valuation formulas for defaultable claims in Section 5 rely on this valuation measure.
The model is based on an economy-wide state vector X t with macroeconomic and possibly firm-specific variables generating the information filtration
. Default information concerning the n firms is captured by
Based on this economy, a general valuation framework can be developed in three steps. First, the economy-wide intensity has to be specified. In a second steps, this economy-wide default risk is split up to the single entity level by random thinning. Finally, using the conditional independence of the event times of N with respect to F X t , valuation formulas along the lines of Lando (1998) can be derived.
Top-down approach
As a starting point of our top-down approach we model the sequence of economy-wide default times (τ j ) j∈N as jump times of a doubly stochastic Poisson process with intensity processλ = (λ t ) 0≤t≤T . The F X -adapted 6 process λ = (λ t ) 0≤t≤T describing the economy-wide default intensity that at least one firm defaults corresponds to a jump in one component of N or equivalently 5 Under Q discounted asset prices are martingales with respect to the filtration (F t ) 0≤t≤T .
See Harrison/Pliska (1981) for details. 6 Instead of assuming an intensity adapted to the underlying state vector only, we could also allow an F t -adaption. This would mean that the value of the economy-wide intensity can also be effected by individual default events.
to a jump in at least one component of N . 
Asλ t is the intensity of (1) is the probability of having a jump in N A t at time t given F X t− and given that N P t has a jump of one 9 at time t. 7 Therefore also the jumps in N follow a Poisson process since only one event can happen at default. Note this does not imply an assumption about the underlying point process of N since in N multiple simultaneous jumps can occur.
8 See Brémaud (1981), Theorem 6, p. 26. 9 The jump-size of one is no restriction since default times τ j are identified with an unique set. Therefore only the default of one set A ∈ X can occur. A simultaneous default of an additionally set B in the same short period of time is not possible. The event that both set default at the same time is given through the unique set
This leads to a characterization of λ A t :
The probability 
10
In can be easily shown, that the thinning process Z A satisfies the following properties almost surely:
These properties can be interpreted in the following way. Firstly, the value for the thinning process is bounded within the interval 
The central question is now how to specify this thinning process. Since this process only has to admit to these two properties (1) and (2), there are several degrees of freedom remaining. In the following we suggest to connect structural firm information, especially the dynamics of the firm's asset values, the structure of liabilities, and the asset correlations with the thinning probabilities. Using a simple structural model like the Merton (1974) model, it can be calculated how likely it is that a certain combination of firms is over-indebted.
This meets our idea that firms being closer to overindebtedness are more likely to be hit by a sudden default event.
Thinning based on structural firm information
To specify the thinning probabilities Z A (A ∈ X) based on structural firm information, we introduce the components of a structural model: Assume that the value of the total assets of each company follows an
. . , n) and that the asset value processes are correlated with each other. The matrix Σ = ( ij ) i,j=1,...,n captures these asset correlations. As L (i) we denote the value of firm i's outstanding liabilities.
Based on these specifications the actual likelihood for a set of firms to be overindebted within some given horizon T from now is . In order to have a closed form solution, adequate dynamics have to be 6 specified.
In the case of a Merton (1974) 
The liabilities are assumed to be constant. This leads to an extended version of the classical Merton framework that allows for correlation among the firm's asset value processes. In the next step, we compute the probability that the firms's are overindebted at the fixed horizon T given the current value V
t+T is log-normally distributed with
it follows 
Calculating default correlation
In general, the default correlation between two companies i and j is defined via their default processes N (i) and
where Cov(N (i) , N
)·E(N ) is the variance of N (i)
. Since we specified a counting process N referring to sets instead of individual firms, we first have to express the single components N (i) of N using the components of N . In our case, this can be written as
Using this representation and exploiting the bilinearity of the covariance, we obtain:
11 Of course, given a sequence of default times (τ
..,M of the companies i and j, the rang correlation measure Kendell's tau, e.g., could be easily estimated via the difference of concordant and discordant pairs divided by the total number of possible pairs, i.e.,ρ
Accordingly, the variance of N
The last equality holds because of independence of the components of N . Using equation (6) and (7), default correlations between the companies i and j can be computed easily.
Comparison of the induced dependencies
In order to provide first insights into the dependence structure induced by the proposed top-down approach, we analyze default correlations in more detail.
To this end, we contrast the resulting default correlations with those produced by basic multi-entity structural and reduced-form models. First, we briefly describe the two benchmark models chosen and also specify the processes used within the top-down approach. To simplify matters, we only consider a setting with two firms throughout the analysis:
(1) Generalized Merton model:
Consider two firms with asset values V (i)
, i = 1, 2 following a geometric Brownian motion each:
is a standard Brownian motion. µ i is the instantaneous expected return on asset value V (i) , and σ i is the constant proportional volatility of the return on firm i's asset value. Moreover, the Brownian motions are correlated with , i = 1, 2 as well as the joint probability p (1, 2) that both companies default upon time T are easily obtained: 
(2) Doubly-stochastic model:
As a second benchmark, we consider a simple reduced-form model with correlated intensities. We assume that each individual intensity λ (i) , i = 1, 2 follows a mean-reverting square-root process
under the actual probability measure P. , i = 1, 2 and the joint probability p (1, 2) result as
Using (11) the required default correlations are obtained.
(3) Specification of the top-down approach:
In order to fix a specific top-down model, we first specify the thinning process. To this end, we use the generalized Merton model described above, and reinterpret the given default probabilities as thinning probabilities according to the remarks of Section 3.
Additionally, we have to give a specification of the economy-wide default intensityλ. For simplicity, we again assume thatλ follows a one-factor meanreverting square-root process: . For short maturities, both, the extension of the structural and the reduced-form models produce a negligible correlation. However, with increasing time horizon the default correlation in the structural model increases. This originates from an increasing volatility for the distribution of the asset-value process, i.e. it is more likely that the asset-value process will be below the default barrier. Such a behavior is consistent with the empirical results reported by Lucas (1995) . While capturing this effect, the top-down approach additionally produces significantly positive default correlations also for short horizons. So, according to these criteria, the proposed approach dominates the basic model extensions.
Valuation formula for defaultable claims
In this section we derive valuation formulas for defaultable claims within the proposed top-down approach. Following Lando (1998) we derive expressions for the three basic building blocks for the payments of defaultable claims in 5.1 and derive formulas for single-name credit default swaps and first-to-default swaps in 5.2.
Three building blocks for the valuation
Our default model works on sets and not on the default status of the individual company. At the first sight, this seems to be a problem because defaultable products in the market typically refer to a company and not to a set. Consider the event {τ is then simply
For the purpose of valuation besides the default risk a model for the defaultfree term structure of interest rates given by a spot-rate process (r t ) 0≤t≤T is 12 The value does not change significantly when using other parameters. Especially, an increase in the correlation between the intensities even up to 1 does not change the basic result.
13 See Duffie (1998), p. 3.
needed. This spot-rate process is an F X -adapted stochastic process and for the value of a default-free zero-coupon bond at time t with maturity T it holds:
Instead of r(X s , s) we simply write r s .
Basically, defaultable claims consists of three major types of payment: promised payments at a fixed point in time T , a payment stream up to default or maturity, and payments in the case of default. These payments are now modelled in the following way.
• A payment Y ∈ F X T at a fixed time T occurs if there had been no default up to this point in time.
• A payment stream like coupon or swap payments is given via an F X tadapted process C t . This payment stops when a default occurs or maturity is reached.
• At the time of default a recovery payment R τ (i) is an F X t -adapted stochastic process. Note that time and amount of this payment is random in general. After the expiration of the referenced defaultable claims this payment is set to zero.
We now compute the valuation formulas for each single payment block. To derive the formulas below we have to assume that the expectations 14 exist:
Then we get the following three identities for the above mentioned types of payments:
At . We can use this relation to compute the individual default probability of company i:
After having computed the individual default probability of company i via the equation (14), we can use iterated expectations to incorporate this formula in the valuation blocks for the different types of payments. For the valuation of the payments at default we need the density of the default time for s > t. This density is given by
The rest of the proof can be done according to Lando (1998).
Pricing formulas for selected credit derivatives
Next, we apply these valuation blocks to derive expressions for several defaultable claims. We separate whether these defaultable claims are single-name or multi-name products. The fair price of the multi-name defaultable claims like n-th-to-default swaps typically reacts sensitive to underlying dependence structure. This is illustrated for a first-to-default swap. Moreover, even singlename CDS are affected by the dependence structure.
To see this, suppose that every firm in the economy has a zero-coupon bond with maturity T outstanding. The single-name CDS ensures only against the default of firm i whereas the first-to-default swap refers to a basket containing all the outstanding zero-coupon bonds in the economy. In both cases the protection buyer pays a constant, continuous premium w to the protection seller up to maturity or default. The protection seller compensates the buyer in the case of default for his suffered losses. Here this payment is specified as 
for the possible default sets results easily. Then, it is an empirical question how to estimate these probabilities.
Furthermore, it is to discuss for which combinations of companies a common default event should be considered. This aims to the questions how one can sensibly reduce the number of combinations to a manageable number. A first idea could be that the p A (t) will be set to zero for sets that have more than two elements. Another more economic approach is to allow common events only for companies which have a direct economic relation since they belong to the same industrial sector or are linked in their value chains.
Finally, following the lines of Lando (1998), we derive formulas in the form of three building blocks that are able to capture the most relevant payment structures for defaultable claims. In fact, the model of Lando (1998) is a special case of our approach. This can be achieved by setting the thinning factors for default sets with two or more elements to zero. Default correlation is then only driven by the state variables. Therefore the presented approach can be understood as an extension of standard doubly-stochastic default models that allows for more flexibility in specifying the dependence between firms and produces a dynamic default correlation.
In principle, extensions for the processes describing the economy-wide intensity and the thinning are possible by allowing them to be affected by the default of a firm. However, in this case we lose the adaptedness only to the state variables, and end up with adaptedness of the intensities λ A to the whole filtration F.
Therefore the valuation formulas would also lose part of its simple structure and the comparability to Lando (1998) . It is an empirical question whether this additional complexity is warranted.
